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Proof and numerical computations

Goal: Formulate some conjecture about eigenpair (u,�).

Formulate conjecture based on numerically computed
approximations to (u,�).

Goal: Prove some conjecture about eigenpair (u,�).

Proof strategy includes numerically computed approximations
to (u,�).

How and when are such approximations acceptable in conjectures
and proofs?
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Abstract setting

Let’s examine the process of computing eigenpairs (�, u)
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Process contd.

Problem setting

Infinite dim.
function space

Finite dim.
function space

Finite dim.
Eucl. space

Finite
computation

Operators

A : dom(A) ⇢ H ! H
blank

AN : HN ! HN

blank

ANM , BNM : CN ! CM

blank

ÃNM , B̃NM : CN ! CM

blank

Find:

(u,�) 2 (H,C)
Au = �u

(uN ,�N) 2 (HN ,C)
ANuN = �NuN

(uN ,⇤N) 2 (CN ,C)
ANMuN = BNM(⇤N)uN

(ũN , ⇤̃N) 2 (CN ,C)
˜̀
N ⇡ ⇤̃N , w̃N ⇡ ũN .



Abstract setting

Goal: Prove some conjecture about (u,�).

Obtain, numerically, ˜̀2 C, w̃N 2 CN .

Is ˜̀ close to �?

Is w̃N “close” to u 2 H?

Is their use in a proof acceptable?



Spectral approximation

First choice: formulation

How to write spectral problem as Au = �u?
eg., how to find eigenvalues of the Laplacian in a bounded domain?

Formulation using di↵erential operator.

�u = ��u

Formulation using integral operators. [Steinbach ’10,
Akhmetgaliyev, Bruno and NN ’13]

u� = layer potential��

Formulation in weaker setting using mixed methods. [Bo�,
2010]

� = ru, r · � = �u.

We shall focus on formulations in terms of di↵erential operators.



Spectral approximation

E. Akhmetgaliyev and 
O. Bruno

 www.math.caltechedu/~bruno/T. Betcke and L. 
Trefethen

 math.ox.ac.uk/trefethen

M. Durufle
 www.math.u-bordeaux1.fr/~mdurufle

http://www.math.dartmouth.edu/~ahb/
http://www.math.dartmouth.edu/~ahb/
http://www.math.dartmouth.edu/~ahb/
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Spectral approximation

Approximation in Banach spaces

Infinite dim.
function space

Finite dim. function
space

Operators

A : dom(A) ⇢ H ! H
blank

AN : HN ! HN

H a separable Banach space

A a closed linear operator

HN a finite-dimensional Banach space of dimension N

rN : H ! HN a restriction map.

[Chatelin, 1973.]
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Spectral approximation

Want some notion of convergence

Let A : dom(A) ⇢ H ! H, and � be an isolated eigenvalue of
multiplicity m. Let AN : HN ! HN .

Spectral projection

Let � be a closed Jordan curve around �, D� := Int(�). Define the
spectral projection of A by

S := � 1

2⇡◆

Z

�

(A� zI)�1 dz , dim(SH) = m.

Define the spectral projection of AN by

SN := � 1

2⇡◆

Z

�

(AN � zI)�1 dz ,

the spectral projection associated with all eigenvalues of AN in D�.



Spectral approximation

Convergence of spectral approximations

Definition: Convergence of approximations

The spectral element (�N ,SN) of AN converges to the spectral el-
ement (�,S) of A i↵

Given ✏ > 0, �(AN) \ B✏(�) 6= {�}, 8N large enough;

limN!1{�(AN) \ D�} = {�}

k(rNS � SN rN)wkN ! 0, for all w 2 H.

[Chatelin, 1973]



Spectral approximation

Approximation in Banach spaces

What do we need for convergence?

Au = �u, u 2 H and ANuN = �NuN , uN 2 HN

Examine action of AN on w 2 dom(A).

rNw 2 HN ,) AN(rNw) 2 HN and Aw 2 H,) rNAw 2 HN

Definition: Consistency of approximation.

The approximation using restriction map rN , and operator AN is
consistent i↵ for all w 2 dom(A),

krNwkHN
! kwkH, 8w 2 H, k(AN rN � rNA)wkHN

! 0,

Is this enough to guarantee convergence?



Spectral approximation

Approximation in Banach spaces

What do we need for convergence?

Au = �u, u 2 H and ANuN = �NuN , uN 2 HN

Examine action of AN on w 2 dom(A).

rNw 2 HN ,) AN(rNw) 2 HN and Aw 2 H,) rNAw 2 HN

Definition: Consistency of approximation.

The approximation using restriction map rN , and operator AN is
consistent i↵ for all w 2 dom(A),

krNwkHN
! kwkH, 8w 2 H, k(AN rN � rNA)wkHN

! 0,

Is this enough to guarantee convergence?



Spectral approximation

Approximation in Banach spaces

What do we need for convergence?

Au = �u, u 2 H and ANuN = �NuN , uN 2 HN

Examine action of AN on w 2 dom(A).

rNw 2 HN ,) AN(rNw) 2 HN and Aw 2 H,) rNAw 2 HN

Definition: Consistency of approximation.

The approximation using restriction map rN , and operator AN is
consistent i↵ for all w 2 dom(A),

krNwkHN
! kwkH, 8w 2 H, k(AN rN � rNA)wkHN

! 0,

Is this enough to guarantee convergence?



Spectral approximation

Chatelin’s example

Banach space X := {u 2 C [0, 1], u(0) = u(1)} with the max
norm.

Operator T : dom(T ) ! X is T := d
dx

Simple eigenvalues, integer multiples of 2⇡◆.

Finite dimensional space XN = CN , with h = 1

N

Restriction map rN : x(t) ! x(ti ), ti = ih

Discrete operator TN corresponding to first-order finite
di↵erence approximation,

d

dx
u(xi ) ⇡ u(xi+1

)� u(xi )

xi+1

� xi

Do reasonable things at boundary: x
0

= xn;
xN�xN�1

h = �xn�1

�N computed for discrete operator TN
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Spectral approximation

Chatelin’s example. True eigenvalues are 2k⇡◆.

Th seems to approximate T well. For example,
Thrh cos(2⇡x)! T cos(2⇡x) = �2⇡sin(2⇡x)
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Spectral approximation

Chatelin’s example. �true = 2k⇡◆, �h = 0,�1
h
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Spectral approximation

Key ingredient is stability

Strong stability

AN is strongly stable in D� i↵

AN is stable: Given M > 0, z 2 D�, z 6= �, for all N large
enough k(AN � zI)�1kN  M;

rN is linear and stable; and

dimSNHN = dimSH

Meta theorem

Consistency + Stability ) Convergence



Spectral approximation

Key ingredient is stability

Strong stability

AN is strongly stable in D� i↵

AN is stable: Given M > 0, z 2 D�, z 6= �, for all N large
enough k(AN � zI)�1kN  M;

rN is linear and stable; and

dimSNHN = dimSH
Meta theorem

Consistency + Stability ) Convergence



Spectral approximation

Projection methods

H a separable Banach space, A a closed operator, HN a
finite-dimensional Banach space of dimension N

rN = PN : H ! HN a projection map.

[Kantorovitch, 1948, Anselone 1971]

eg: Lagrange interpolation

H := C [�1, 1] with sup norm

PN : H ! polynomials of degree  N, with PNu := Lagrange
interpolant for {ti}Ni=0

.

kPNk1 � 2

⇡2

log(N � 1) + b(N).

PN is bounded as a map into L2w [�1, 1] with weight
(1� t2)�1/2.

We use BOUNDED projection operators



Spectral approximation

Second choice: approximation space HN

Choose HN := span{�i}Ni=1

.

PN : H ! HN a bounded projection map.

Define AN := PNAPN .

Seek uN 2 HN ,�N 2 C s.t.

ANuN = �NuN

We represent uN =
PN

i=1

u
(i)
N �i .



Spectral approximation

Approximation space HN = span{�i}Ni=1

Methods depend on subspace choices

Finite di↵erence methods: �i are Lagrange interpolants.

Spectral methods: �i are eigenfunctions of some operator,
ku � PNukX ! 0 very fast

Method of particular solutions: �i are eigensolutions of
operator in simpler geometries

Method of moments: �i := Ai�1u for some u 2 H

Finite volume methods

Finite element methods: � are piecewise polynomials



Spectral approximation

Choices of HN

A. Barnett, 
www.math.dartmouth.edu/~ahb/

T. Driscoll, 
www.math.udel.edu/~driscoll/

S. Ruuth
 www.math.sfu.ca/~sruuth/

M. Durufle
 www.math.u-bordeaux1.fr/~mdurufle

http://www.math.dartmouth.edu/~ahb/
http://www.math.dartmouth.edu/~ahb/
http://www.math.dartmouth.edu/~ahb/
http://www.math.dartmouth.edu/~ahb/
http://www.math.dartmouth.edu/~ahb/
http://www.math.dartmouth.edu/~ahb/
http://www.math.u-bordeaux1.fr/~mdurufle
http://www.math.u-bordeaux1.fr/~mdurufle


Spectral approximation

Choices of HN

Must ensure consistency, stability and convergence of
approximations at this level



Spectral approximation

Recasting as a problem in Euclidean space

Infinite dim.
function space

Finite dim.
function space

Finite dim.
Eucl. space

Operators

A : dom(A) ⇢ H ! H
blank

AN : HN ! HN

blank

ANM , BNM : CN ! CM

blank

Solve
Au = �u

Solve ANuN = �uN

Solve ANMuN =
BNM(⇤N)uN



Spectral approximation

Third choice: how to satisfy equation

Have HN = span{�i}N , uN =
PN

i=1

u
(i)
N �i . How to get

ANMuN = BNM(⇤N)uN?

Method of weighted residuals. Let { j}Mj=1

be linearly independent.

minimizew

�

�

�

�

�

hAN

N
X

i=1

w
(i)
N �i � �N

N
X

i=1

w
(i)
N �i , ji

�

�

�

�

�

W
Size and elements of ANM , BNM depend on this choice.
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Third choice: how to satisfy equation

Have HN = span{�i}N , uN =
PN

i=1

u
(i)
N �i . How to get

ANMuN = BNM(⇤N)uN?

Collocation methods: H a Banach space, enforce
hANuN , �(xj)i = �NhuN , �(xj)i.

Galerkin methods: H a Banach space. Use  j in H⇤
N . Enforce

hANuN , jiH = �NhuN , jiH .

(Orthogonal) Galerkin methods: H a Hilbert space. Use
 i inHN . Enforce (ANuN , j)H = �N(uN , j)H .

Size and elements of ANM , BNM depend on this choice.
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Spectral approximation

Third choice: how to satisfy equation

Must ensure consistency, stability and convergence at this level as
well.



Spectral approximation

Numerics

from: Boffi, Gardini, Gastaldi, 2012.
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Numerics
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Spectral approximation

Numerics

from: Boffi, Gardini, Gastaldi, 2012.

All are FEM methods for Dirichlet problem on 
[0,  ] ⇡



Spectral approximation

What can you trust?
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Spectral approximation

Numerics can be dangerous!

Any method could exhibit these problems [Fox, Henrici, Moler,
1967], method of particular solutions.
Fixed: [Betcke and Trefethen, 2005, Barnett...]

MPS error decreases, 
then increases in N.



Spectral approximation

Discrete eigenvalue algorithms

Let’s examine the consequences of some choices.

Formulate problem in Hilbert space, H, operator A

Let HN = span{�n}Nn=1

, orthonormal basis

Use projection PN , AN := PNAPN

ANuN = �NuN , uN =
PN

i=1

u
(i)
N �i . Write

uN = (u(1)N , u(2)N , ..., u(1)N )T .

Use Galerkin method (ANN)i ,j := (AN�i ,�j)H

Spectral problem in Euclidean space: ANNuN = ⇤NuN

If N > 5, need iterative methods to approximate ⇤N .
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Spectral approximation

Classical iterations for ANNuN = ⇤NuN .

Power iteration: Start with arbitrary b. Columns of Krylov
matrix

Kn = [b, ANNbA
2

NNb....ANNb

converge to the e.v. for the largest e.value.

Arnoldi iteration: Use stabilized Gram-Schmidt to generate
orthogonal vectors qN,i ,

span{qN,1, qN,2, ...qN,n} = span{Kn}

Lanczos iteration: Arnoldi iteration for symmetric matrices.
Converts ANN ! Tnn, tridiagonal.

[Golub and van Loan, 1996, Trefethen and Bau, 1997...]



Spectral approximation

Typical theorems

If ✓ni ,⇤N,i are the ith eigenvalues of Tnn and ANN , then get
bounds on |✓ni � ⇤N,i in terms of spectral gaps.
[Kaniel-Paige-Saad bounds]

Suppose we compute the eigenpair (ũN , ⇤̃N). Then,

ANN ũN = ⇤̃N ũN + r .

Backward stability means 9 real symmetric matrices E such
that

(ANN + E)ũN = ⇤̃N ũN .

If r is small in norm, then it can be shown that

|⇤̃N � ⇤N,i |  krk2
2

�
, � := min

k 6=i
|⇤̃� ⇤N,i |.

The solid angle ✓ between the computed eigenvector ũN and
the actual eigenvector uN satisfies

sin(✓)  krk
2

�
.



Spectral approximation

Typical theorems

If ✓ni ,⇤N,i are the ith eigenvalues of Tnn and ANN , then get
bounds on |✓ni � ⇤N,i in terms of spectral gaps.
[Kaniel-Paige-Saad bounds]
Suppose we compute the eigenpair (ũN , ⇤̃N). Then,
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Errors to examine: eigenvector

ku �
NX

i=1

w̃
(i)
N �ik  ku � PNuk| {z }

A

+ kPNu � uNk| {z }
B

+ kuN �
NX

i=1

ũ
(i)
N �ik

| {z }
C

+ k
NX

i=1

[w̃
(i)
N � ũ

(i)
N ]�ik

| {z }
D

 ↵(N)kuk ! 0, �(N)k
NX

i=1

w̃
(i)
N �ik ! 0

A: Best approximation error (how ’good’ is HN , PN?)
B: Error in HN

C: Approximation using numerical linear algebra
D: Rounding arithmetic.



Spectral approximation

(A very brief) Literature

I. Babuska and J. Osborn (1991), Eigenvalue problems. In
Handbook of Numerical Analysis, Vol. II, North-Holland,
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D. Bo�: Finite element approximation of eigenvalue
problems, Acta Numer., 19 (2010), pp. 1120.

F. Chatelin (1983), Spectral Approximation of Linear
Operators, Computer Science and Applied Mathematics,
Academic Press, New York.

B. Hubbard, Eigenvalues of the non-homogeneous rectangular
membrane by finite di↵erence methods, Arch. Ration. Mech.
Anal., 9 (1962), pp. 121133.



Spectral approximation

(A very brief) Literature
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Page 203-231

C. Moler and L. Payne, Bounds for eigenvalues and
eigenvectors of symmetric operators, SIAM J. Numer. Anal.,
5 (1968), pp. 6470.

R. Moore, R. Kearfott, and M. Cloud, Introduction to Interval
Analysis, SIAM, Philadelphia, 2009.

Lloyd N. Trefethen and David Bau, III, Numerical Linear
Algebra, SIAM, 1997.

X. Liu and S. Oishi, Verified eigenvalue evaluation for
Laplacian over polygonal domain of arbitrary shape, SIAM J.
Numer. Anal. v. 51, no. 3, pp. 16341654, 2013



Examples

Spectral Problem 1

Let ⌦ be an open set in Rd with Lipschitz boundary.

Spectral problem 1, strong form

Find (u,�) 2 (H2(⌦),R) such that a.e.

��u = �u in ⌦, u = 0 on @⌦.



Examples

Spectral problem 1, formulation

Denote by (·, ·) the L2 inner product on ⌦

Spectral problem 1, minimization form

� = min
w2H1

0

(⌦),kwk
0

6=0

(rw ,rw)

(w ,w)
= (ru,ru)

Equivalently:

Spectral problem 1, variational form

Find (u,�) 2 (H1

0

(⌦),R) such that for all v 2 H1(⌦),

(ru,rv) = �(u, v).
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Examples

What is a finite element?

A finite element triple (K ,P,⌃) consists of:

A geometric domain K , used to tesselate/mesh a region in
space;

A finite dimensional vector space P on this domain,
approximating some function space;

A set of linear functionals ⌃ dual to the approximation space.

K
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Examples

Conforming finite element

Let ⇧T = {⌧i}Ti=1

= ⌦ be a triangulation.

VN :=
�

w 2 H1(⌦)
�

� w |⌧i 2 P. 8⌧i 2 ⇧T , w is continuous
 

Clearly VT ⇢ H1(⌦).
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Examples

Conforming H1 linear elements
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Examples

Conforming H1 linear elements: continuity across edges
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Examples

Conforming H1 linear elements: continuity across edges

K1

K2



Examples

Conforming H1 linear elements and interpolation

Interpolate f (x , y) = x2 + y2
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Examples

Best approximation by conforming FEM

Sample best approximation result

Under assumptions on ⌦ and the tessellation, the best approximation
error of u 2 Hk(⌦) by conforming FEM of piecewise polynomials of
degree p and mesh parameter h

inf
w2VN

ku � wk
1

 C (p)hµ�1kukHk
(⌦)

, µ = min(k , p + 1).

[Widlund ’76,Rannacher and Scott, ’82]
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Typical convergence results for eigenpairs

Convergence using conforming elements

Let ✏N(�) := supu2 Scaled e.v. for �{inf�2VN
ku � �k

1

.}

If � is a simple
eigenvalue, 9 constants c

1

, c
2

, c
3

> 0 such that

ku � uNk1  c
1

✏N(�), c
2

✏2N  �N,c � �  c
3

✏2N .

[Chatelin ’75, ’83, Babuska and Osborn ’89]

Here ✏N depends on the regularity of the true eigenfunctions, and
characterizes an approximation error.
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Conforming FEM: approximation of � from above

Consider
Model eigenvalue problem, discrete form

Find (uN ,�N,c) 2 (VN ,R) such that for all vN 2 VN ,

(ruN ,rvN) = �N,c(uN , vN).

Theorem: �N,c � �.

Proof:

� = min
w2H1

0

(⌦),kwk
0

6=0

(rw ,rw)

(w ,w)
 min

wN2VN ,kwNk0 6=0

(rwN ,rwN)

(wN ,wN)
= �N,c .
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Non-conforming finite element

Let ⇧T = {⌧i}Ti=1

= ⌦ be a triangulation.

VN :=
�

w 2 L2(⌦)
�

� w |⌧i 2 P 8⌧i 2 ⇧T ,

w is not continuous across edges,

w = 0 on nodes on boundary}

Clearly VN 6⇢ H1(⌦).
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Non-conforming linear elements: continuity at midpoints



Examples

Non-conforming linear elements: continuity at midpoints

K1



Examples

Non-conforming linear elements: continuity at midpoints

K1



Examples

Non-conforming linear elements: continuity at midpoints

K1

K2



Examples

Non-conforming linear elements and interpolation

Interpolate f (x , y) = x2 + y2
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Linear nonconforming elements: best approximation

Best approximation.

Let h be the mesh size of a quasi-regular triangulation. If
w 2 H2(⌦) then 9c > 0 so that

kIN(u)� ukL2(⌦)

 chmkukHm , m = 1, 2.

[Armentano and Durán, 2004]
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Non-conforming FEM and approximating � from below

Consider
Model eigenvalue problem, discrete form

Find (uN ,�N,n) 2 (VN ,R) such that for all vN 2 VN ,

(ruN ,rvN) = �N,n(uN , vN).

Is �N,n  �?
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Non-conforming FEM and approximating � from below

Consider
Model eigenvalue problem, discrete form
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Linear nonconforming elements

Theorem for linear non-conforming elements.

If (u,�) 2 B1+r ,1
2

(⌦)⇥ R and if 9c > 0 so that kuN � ukh � chr

for r < 1 then for h > 0 small enough

�N,n  �.

[Armentano and Durán, 2004]

This is an asymptotic result for singular Dirichlet eigenfunctions.
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Concrete example: 
lowest Dirichlet e.v. 



Examples

Recap:

Write original EVP in variational form

Use conforming or non-conforming finite elements to write
discrete EVP

Have theorems to obtain bounds �N,n  �  �N,c

For fixed N, approximate discrete eigenvalues ⇤̃N,n, ⇤̃N,c

Have theorems to estimate ⇤̃N � ⇤N

Obtain good estimates for �.

Are we done?
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Examples

Recap:

Write original EVP in variational form

Use conforming or non-conforming finite elements to write
discrete EVP

Have theorems to obtain bounds ⇤N,n  �  ⇤N,c

For fixed h > 0+, approximate discrete eigenvalues ⇤̃N,c , ⇤̃N,n

Have theorems to estimate ⇤N � ⇤̃N in exact arithmetic!

Use interval arithmetic to estimate |˜̀� ⇤̃N |

Combine to get bounding intervals for �.
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Concretely: Dirichlet evp

ErrN :=

Z

⌦

kruNk2 dV � �N

Z

⌦

4|uN |2
(1 + r2)2

dV

P1 conforming elements
�c,h Err N
10.95 1.35135e-15 207
10.7602 1.92541e-14 768
10.7115 5.18084e-14 2978
10.6988 -4.31549e-14 11748
10.6957 -5.93197e-13 46224

P1 non-conforming elements
�nc,h Err N
10.5863 -1.25056e-14 558
10.664 3.22682e-14 2181
10.6861 2.67427e-14 8691
10.6921 -1.05844e-12 34761
10.6938 -7.48835e-12 137709

IsoValue
-1.39635
-1.32544
-1.27817
-1.23089
-1.18362
-1.13634
-1.08907
-1.04179
-0.99452
-0.947245
-0.89997
-0.852695
-0.805421
-0.758146
-0.710871
-0.663597
-0.616322
-0.569047
-0.521773
-0.474498
-0.427223
-0.379948
-0.332674
-0.285399
-0.238124
-0.19085
-0.143575
-0.0963002
-0.0490255
0.0691612

Eigen  Vector 2 valeur =10.6861
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ErrN :=
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⌦

kruNk2 dV � �N

Z

⌦

4|uN |2
(1 + r2)2

dV

P1 conforming elements
�c,h Err N
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10.7115 5.18084e-14 2978
10.6988 -4.31549e-14 11748
10.6957 -5.93197e-13 46224
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�nc,h Err N
10.5863 -1.25056e-14 558
10.664 3.22682e-14 2181
10.6861 2.67427e-14 8691
10.6921 -1.05844e-12 34761
10.6938 -7.48835e-12 137709

Conjecture:

� > 10.69
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Spectral problem 2

Jakobson, Levitin, Nadirashvili and Polterovich (preprint ’04, JCAM

2006)

Consider the Bolza surface, � = 2, orientable.

Let P :=
n

(z ,w) 2 C2 : w2 = F (z) = z (z�1)(z�i)
(z+1)(z+i)

o

P has the conformal structure of the Bolza surface.

Let g be the pullback of the round metric 4dzdz
(1+|z|2) to P.



Examples

The conjecture, contd.

Conjecture 1

�
1

(P) Area(P, g) = 16⇡

Jakobson, Levitin, Nadirashvili and Polterovich,  preprint 2004, JCAM 2006

http://www.math.mcgill.ca/~jakobson
http://www.math.mcgill.ca/~jakobson
http://www.personal.reading.ac.uk/~ny901965/
http://www.personal.reading.ac.uk/~ny901965/
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To show:
�
1

(P) Area(P, g) = 16⇡

Let ⇧ : P ! S2 be a branched covering of second degree,
with 6 ramification points.

The metric g has singularities at these points.

Define �
1

:= infu2H1

0

(P)

kruk2
kuk2

Area (P, g) = 2Area (S2) = 8⇡.

Show:
�
1

(P) = 2

Cannot do this directly!
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Spectral problem 2

Let ⌦ be the half-disk in R2

Prescribe Dirichlet data on solid segments, Neumann on rest

Find first eigenvalue of

��u = �
4

(1 + r2)2
u in ⌦,

Conjecture 2

� > 2.
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Spectral problem 2

Let ⌦ be the half-disk in R2

Prescribe Dirichlet data on solid segments, Neumann on rest

Find first eigenvalue of

��u = �
4

(1 + r2)2
u in ⌦,

Conjecture 2

� > 2.
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Theorem

Conjecture 2 implies Conjecture 1.

Use numerics to assist?
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This is still hard....use careful numerical simulation.

Find � 2 R, u 2 H1

@D(⌦) so

��u = �
4

(1 + r2)2
u in⌦,

with mixed Dirichlet-Neumann data.
Generalized eigenvalue problem: �N 2 R, uN 2 VN

Z

⌦

ruN · vN dV = �N4

Z

⌦

uNvN
(1 + r2)2

dV

True solution is not available.

Need to conclude, after a fixed number of refinements that
�N > 2 ) � > 2.
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Numerical results

ErrN :=

Z

⌦

kruNk2 dV � �N

Z

⌦

4|uN |2
(1 + r2)2

dV

P1 conforming elements
�c,h Err N
2.42641 -2.32063e-15 253
2.34502 -7.59321e-16 965
2.31024 -1.20319e-14 3733
2.29249 -2.32825e-13 14880
2.28383 -1.76215e-12 58563

P1 non-conforming elements
�nc,h Err N
2.14419 -1.46411e-15 696
2.20874 8.27631e-15 2772
2.24127 -1.16138e-13 10956
2.25803 -1.02808e-12 44157
2.26656 -1.58561e-11 174726

IsoValue
-0.0704892
-0.0234598
0.00789319
0.0392462
0.0705991
0.101952
0.133305
0.164658
0.196011
0.227364
0.258717
0.29007
0.321423
0.352776
0.384129
0.415482
0.446835
0.478188
0.509541
0.540894
0.572247
0.6036
0.634953
0.666306
0.697659
0.729011
0.760364
0.791717
0.82307
0.901453

Eigen  Vector 0 valeur =2.26656
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Observation

�N,n &, �N,c %

Conclude � > 2?
Numerical evidence. [Jakobson, Levitin, Nadirishvili, NN,
Polterovich ’05.]
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Recap:

Write original EVP in variational form

Use conforming or non-conforming finite elements to write
discrete EVP

Have theorems to obtain bounds �nch  �  �ch

For fixed h > 0+, approximate discrete eigenvalues �̃nch, �̃ch

Have theorems to estimate �h � �̃h in exact arithmetic!

Use interval arithmetic to estimate

Obtaingoodestimatesfor

�.

No
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Closer to a proof.

Theorem

Let h > 0 be su�ciently small. Then the discrete eigenvalues using
non-conforming linear FEM approximate � from below.

Derivatives of eigenfunction are singular. Eg, near origin,

wj ,n(r , ✓) = rb(1+r2)
1�

p
1+�
2

2

F
1

(↵̃, ↵̃+1; 1+b;�r2) sin(
j⇡

2↵
✓)

Discrete eigenvalues using non-conforming Crouziex-Raviert
elements approximate the true eigenvalue from below.

Use interval arithmetic to obtain bounds on |`N � ⇤N |.
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Validated numerics



Thanks to

Thanks to the organizers
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Cross check

Fix the mesh

Let (�N,n, uN,n) be a non-conforming approximation

interpolate uN,n by conforming elements on same mesh

Check residual

Errn!c

Z

⌦

|rIn!cuN,n|2 � �N,n
4

(1 + r2)2
|In!cuN,nk2 dA

Cross-checking residuals
Errn!c Ndof Errc!n Ndof

-0.295619 253 0.282211 696
0.0484749 965 0.13628 2772
0.0106499 3733 0.0689692 10956
0.00450842 14880 0.0344616 44157
-0.00149719 58563 0.0172685 174726


