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(M, g) a compact d-dimensional Riemannian manifold without boundary.
Can assume that

\M\z/ dvol =1 .
M

Consider

A
D — 2
A some constant, 2 < p < dQ—_dQ

—Av + (v—vPH =0 (%)
The tunction 1 is a solution
Is it the only one?

The answer depends on the value of the constant A



A minimizer of the functional

(S Up)p/2

is a positive solution of (*) but not conversely

(%)

For A small one expects that the constants are the only minimizers
Let \; be the lowest non-vanishing eigenvalue of —A on M
If A > A\{ then the minimizer is not a constant function

and hence the equation (*) has non-constant solutions



Bochner - Lichnerowicz - Weizenbock formula

1
5 A|Vul? = HngH2 + V(Agu) - Vu + Ric(Vu, Vu)
RiC(', )

1s the Riccl tensor

I[f M =S% then

RiC(-, ) — (d — 1)9('7 )



Define

(d—1)*(p—1)
0 = d
dd+2)+p—1 an
0d
(1—0) / (Au)? + —— Ric(Vu, Vu)
. - M d—1J/m
Ay 1= inf 5
ueH? (M) fM | Vul

I\Iotethaiz()<0<1si]f1cel<p<d2—_d2

Theorem: (Dolbeault, Esteban, L) If

0< A< A\

then for any 2 < p < dQ—_dQ, equation (x) has 1 as the only solution.



Corollary:
Let p= inf Ric(n,n) >0
nesd
and let A\ be the first non-vanishing eigenvalue of —A.
A< (1—=0)A\ + 9% then (*) has 1 as the only solution.

This follows from the inequality

/M (Au)* > N /M Vul

Equality holds precisely when © = const. + ¢ where ¢ is an
eigenfunction of the first non-zero eigenvalue of —A.



M =8¢

A1:d7p:(d_1)
and hence for all A < d, (x) has 1 as the only solution.

Corollary:

A
[ 190 = == (10150 = 010

for all A < d and p < 24

with equality if and only if v is the constant function



History:
Obata 1971/72, Gidas and Spruck 1981
1990 Bidaut-Véron and Véron , Beckner 1991,
Licois and Véron 1995, Bakry and Ledoux 1996, Demange 2008
The main idea is similar to the one used by Demange

by constructing a flow that transports any function to an optimizer



Sketch of the proof:

v =u’ . will be chosen later

A= [ VP25

Flow : u; = UQ_Zﬁ{Au + K

L= (L)

Vul?

u

}

a porous medium type flow




k=PBp—2)+1

so that
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(Agu)® + (k+ 3 — 1) Ayu

+)\/ Vul|? .
M

Vul?

u

+ k(0 —1)




=Y
|
=
|

where

Glu| = /M O(Agu)2+(/~e+ﬁ—1)Ag

Vul*

u

u

+ k(6 —1)

To understand G(u) the following quantity is key

5 1d—1

Qgt =Lt =5

(k+0—1)

_Vu ® Vu

u

J
d

Lgu := Hqu — J Agu , trace free Hesslan

d

Vul2

u

(1) /M (Agu)? — Glu] + A /M Vul?




Theorem

Assume that d > 2. With the above notations, any positive function
u € C?(M) satisfies the identity

0d Vul*
Glu] = —— UM \IQ§u|yQ+/M Ric(Vu,Vu)] — “/Ml ug’

With,u::%(%)Q(K—kﬁ—lﬁ—ﬁ;(ﬁ—1)—(&+6—1)d;jr280that
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A : B = gzjm g‘77n AZ,] ijn

d
+ — Ric(Vu, Vu).
M

and ||A||P:=A-A.

, trace free Hessian



Prootf:

1
§A Vul|? = HngH2 + V(Agu) - Vu + Ric(Vu, Vu)

/ (Agu)2:/ Hng||2+/ Ric(Vu, Vu)
M M M
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Lemma 2:

Vul?  d Vul* 24 Vu® Vu
Agu = 7 ——— [ [Lgu]-
M U d+2 Jm u d+2 Jam U

Proof:
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Two points of view:
Just a trial function calculation, nothing is really needed about the flow

Let v = ©” be a minimizer of (sx). Then consider

V|

U — u+5u2_25{Au+/ﬁ
U

}

Since

1 d )

we conclude that Vu = 0 for A < A\,



Flow drives any function to a constant function

This shows that

= F(llu’llp) < F(u?)
Nothing is said about the uniqueness of the optimizer

Example: p =5, d # 3

1 d d d
L rta = [ =g [ riewe v [ el
M M

d —



(1—10) //\/l (Agu)2 + vd v [ HquHZ + Ric(Vu, Vu)}

A* .= inf d—1
w€H2(M)\{0} / V2
M

Theorem (Dolbeault, Esteban, L)

For any p € [1,2) U (2,2"] if d > 3, p € (1,2) U (2,00) if d =1 or
2, inequality (#x) holds for all A < A where A € [A4, A\;]. Moreover, if
Ay < Aq, then A is such that

If d =1, then (%x) holds for all A < Ay.



